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Permeate-Flux Declination for Ultrafiltration along
Membrane Tubes

H. M. Yeh, Z. Y. Lin, and C. H. Li
Department of Chemical and Materials Engineering, Tamkang University,
Tamsui, Taipei County, Taiwan

The correlation equations for predicting local permeate fluxes
in tubular-membrane ultrafilters were derived from mass and
momentum balances by the modified resistance-in-series model with
the considerations of the increment of concentration polarization
and the declines of transmembrane pressure and flow rate, along
the membrane tube. Ultrafiltration of dextran T500 aqueous sol-
ution in a tubular microporous ceramic module has been carried
out under various feed concentrations, transmembrane pressures,
and feed flow rates, and many experimental data of ten-point
local permeate fluxes along the tube were obtained to confirm
the correlation predictions. The increment of concentration polari-
zation, as well as the decline of permeate flux, along the tube was
also discussed.

Keywords concentration polarizationx; membrane tube; per-
meate flux; ultrafiltration

INTRODUCTION

Ultrafiltration membrane process has now become an
increasingly important industrial process for the concen-
tration, purification, or dewatering of macromolecular
and colloidal species in solution; it is usually used in the
food, beverage, and dairy industries, for effluent treatment,
and biotechnology and medical applications (1–3). The
advantage of ultrafiltration as compared to conventional
dewatering processes, such as evaporation, freeze concen-
tration, or freeze drying, is the absence of a change in phase
or state of the solvent during dewatering process, resulting
in considerable savings in energy.

Ultrafiltration is primarily a size-exclusion-based,
pressure-driven membrane separation process; the pressure
applied to the working fluid provides the potential to force
the solvent to flow through the membrane. During oper-
ation, the solute is transported to the membrane surface
by the convective flow of the permeant; this is balanced
by diffusion back to the bulk. In cross-flow ultrafiltration

the permeate flux generally declines along the flow
direction due to the phenomenon of concentration polari-
zation by the rejected particles, which is a common feature
of all pressure-driven membrane processes (4). Several
hydraulic approaches developed for reducing the effect
of concentration polarization to enhance the permeate
flux, has been discussed thoroughly (5–17). The use of
inserts, such as metal grills (7), static rods (8), spiral wire
(9), disc, and doughnut shape inserts (10) and helical baffles
(11–13), in a tubular membrane have been tried to different
membrane processes. Da Costa and coworkers performed
an extensive study of ultrafiltration flux by net-type spacers
(14–17). The applications of inserting solid and wired rods
in the tubular membrane systems were also reported (5,6).

A number of mathematical models are available in
the literature that attempt to describe the mechanism
of transport through membranes. In the gel polarization
model, the permeate flux is reduced by hydraulic resist-
ance of the gel layer (18). In the osmotic pressure model,
the permeate flux reduction results in effective trans-
membrane pressure that occurs as osmotic pressure of
the retentate increases (19). In the resistance-in-series
model, the permeate flux decreases due to the resistance
caused by fouling or solute adsorption and concen-
tration polarization. This last method easily describes
the relationships of the permeate flux with the operating
parameters (20–26). Chhatre and Marathe reported that
the experimental values of permeate flux for the removal
of Ni from aqueous phase by using sodium dodecycle
sulphate for micellization, were in close agreement with
the predicted values obtained by the resistance in the
series model (20). It was also pointed out that this
model is particularly applicable for the analysis of flux
decline in ultrafiltration (21–24). In this study, we
ultrafiltered the macromolecular solution in a tubular
membrane module and measured the permeate fluxes
along the tube under various operating conditions. The
declines of the permeate flux was also analyzed by mass
and momentum balances coupled with the use of the
modified resistance-in-series model.
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THEORY

Resistance-in-Series Model

Although the osmotic pressure at the membrane surface
also affects the permeate flux, ultrafiltration usually deals
with the separation of fairly large molecules and the
osmotic pressures involved in ultrafiltration processes are
fairly low and negligible. Accordingly, the permeate flux
J(z) for ultrafiltration in the resistance-in-series model,
permeate flux J(z) may be expressed as

JðzÞ ¼ DPðzÞ
Rm þRf þRp

ð1Þ

where Rm denotes the intrinsic resistance, and Rp and Rf

are the resistances due to the concentration=gel layer and
those due to other fouling phenomena such as adsorption,
respectively, while DP(z) is the transmembrane pressure
defined as

DPðzÞ ¼ PðzÞ � Ps ð2Þ

In the above equation, P(z) is the pressure distribution
of the tube side along the axial direction z, and Ps is the
permeate pressure of the shell side which may be assumed
to be constant.

As mentioned before, the concentration polarization is
a common feature of all pressure-driven membrane
processes. It is dependent on the operating parameter
such as pressure, temperature, feed concentration, and
velocity, and increases along the membrane tube.
Accordingly, we may assume that for constant operating
temperature

Rp ¼ bðzÞDPðzÞ ð3Þ

where the proportional factor b(z) may be simply assumed
to be linearly increasing along the tube, i.e.,

bðzÞ ¼ bi½1þ aðz=LÞ� ð4Þ

and bi is the value of b at the inlet and a is a constant; both
are to be determined experimentally. Thus, Eq. (3) may be
rewritten as

Rp ¼ bi½1þ aðz=LÞ�DPðzÞ ð5Þ

Substitution of Eq. (5) into Eq. (1) yields

JðzÞ ¼ DPðzÞ
Rm þRf þ bi½1þ aðz=LÞ�DPðzÞ ð6Þ

Mass Balance

Figure 1 shows a microporous membrane tube of radius
rm and length L installed in the experimental apparatus.

Let Q(z) be the volume flow rate of the feed solution in a
microporous membrane tube, a mass balance over a slice
of dz of the tube gives

dQ

dz
¼ �2p rmJðzÞ ð7Þ

Integrating Eq. (7) from the inlet (z¼ 0, Q¼Qi) to the
outlet (z¼L, Q¼Qo) of the tube, one has

Qo ¼ Qi � 2p rmLJ ð8Þ

where J is the average value of J(z) defined as

J ¼ 1

L

Z L

0

JðzÞdz ð9Þ

Momentum Balance

Since the permeation rate of membrane ultrafiltration
is very small compared with the volume flow rate in a
membrane tube, it can be assumed that the local decline
in hydraulic pressure within the membrane tube is simply
given by the Hagen-Poiseuille equation in terms of the
average volume flow rate Q (5)

dP

dz
¼ � 8lQ

p r4m
ð10Þ

where

Q ¼ Qi þQo

2
¼ Qi � p rmLJ ð11Þ

FIG. 1. Experimental apparatus.
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Integration of Eq. (10) with the use of boundary condition:
P¼Pi at z¼ 0, results in

PðnÞ ¼ Pi �
8lQL

p r4m

� �
n ð12Þ

where

n ¼ z

L
ð13Þ

and the transmembrane pressure is obtained by substitut-
ing Eqs. (11) and (12) into Eq. (2). The result is

DPðnÞ ¼ DPi � ðmQi � nJÞn ð14Þ

where

DPi ¼ Pi � Ps ð15Þ

m ¼ 8lL
p r4m

ð16Þ

n ¼ 8lL2

r3m
ð17Þ

and the transmembrane pressure at the outlet of a mem-
brane tube is

DPo ¼ DPi � ðmQi � nJÞ ð18Þ

Permeate Flux

Substitution of Eq. (14) into Eq. (6) yields the expres-
sion for local permeate flux in a microporous membrane
tube

JðnÞ ¼ DPi � ðmQi � nJÞn
Rm þRf þ bið1þ anÞ½DPi � ðmQi � nJÞn�

ð19Þ

The average permeate flux can be obtained by substitut-
ing Eq. (19) into Eq. (9)

J ¼
Z 1

0

JðnÞdn ð20Þ

¼
Z 1

0

�DPi dn

An2 þ Bnþ C
þ
Z 1

0

ðmQi � nJÞn dn
An2 þ Bnþ C

ð21Þ

where

A ¼ ðmQi � nJÞbia ð22Þ

B ¼ ½ðmQi � nJÞ � aDPi�bi ð23Þ

C ¼ �ðRm þRf þ biDPiÞ ð24Þ

After integration, Eq. (21) becomes

J ¼
Z 1

0

�DPi dn

An2 þ Bnþ C
þ ðmQi � nJÞ

2A
ln

Aþ Bþ C

C

����
����

�

�ðmQi � nJÞB
2A

Z 1

0

dn

An2 þ Bnþ C

�

¼ � DPi þ
ðmQi � nJÞB

2A

� � Z 1

0

dn

An2 þ Bnþ C

þ ðmQi � nJÞ
2A

ln
Aþ Bþ C

C

����
���� ð25Þ

where

Z 1

0

dn

An2þBnþC
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

B2�4AC
p

� ln
ð2AþB�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2�4AC

p
ÞðBþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2�4AC

p
Þ

ð2AþBþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2�4AC

p
ÞðB�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2�4AC

p
Þ

�����
����� if B2>4AC

ð26Þ

¼ 2ffiffiffiffiffiffiffiffiffiffi
4AC

p
� B2

tan�1 2Aþ Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AC� B2

p � tan�1 Bffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4AC � B2

p
" #

;

if B2 < 4AC ð27Þ

EXPERIMENTAL

Apparatus and Materials

The experimental apparatus used in this work is shown
in Fig. 1. The membrane medium used was mainly 40 kDa
MWCO tubular ceramic membrane (Carbsep, length
L¼ 0.4m, inside diameter 2rm¼ 6� 10�3m). The tested
solute was dextran T500 (Pharmacia Co.). The solvent
was distillated water. The feed solution was circulated by
a high-pressure pump with a variable feed motor
(L-07553-20, Cole-Parmer Co.), the liquid flow rate was
observed by a flowmeter (IR-OPFLOW 502-111, Headland
Co.). The feed pressure was controlled by using an adjust-
ing valve at the outlet of the tubular-membrane module,
and the gauge pressures at the tubular inlet (Pi), the outlet
(Po) and at the shell side (Pp) were measured with pressure
transmitters (Model 891, 14, 425, Wika Co.). There were
ten outlets on the shell side along the flow direction for
measuring the local permeate fluxes at z¼ 2, 6, 10, 14, 18,
22, 26, 30, 34, and 38 cm.

Experimental Conditions and Procedures

The experimental conditions were as follows: Feed con-
centration Ci: 0.1, 0.5, 1.0wt%; Feed flow rate Qi� 106¼
1.67, 2.50, 3.33, 4.17m3=s; ui¼Qi=p r2m ¼ 0:059, 0.08,
0.118, 0.147m=s; Feed transmembrane pressure DPi: 30,
50, 80, 110, 140 kPa.
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The feed solution temperature in all experiments was
kept at 25�C by a thermostat. During a run both the per-
meate and the retentate were recycled back to the feed
tank. The experimental procedure was as follows. First, a
fresh tubular-membrane module was used to measure the
permeate fluxes of pure-water ultrafiltration Jw, for deter-
mining the intrinsic resistance of the membrane. Next,
the steady permeate fluxes of liquid solution at the ten out-
lets, zj¼ [2þ 4(j� 1)]� 10�2m, j¼ 1� 10, were measured
under various Ci, Qi, and DPi. After each experimental
run, the membrane was cleaned by the methods of high cir-
culation and backflushing with 10% NaOH solution, 10%
HNO3 solution, and water. The cleaning procedure was
repeated until the original water flux has been restored.

Many experimental data were obtained and some of them
are listed in Tables 1–5.

Determination of Rm and Rf

The experimental data of the average permeate fluxes
for pure water ðJwÞexp and solution ðJÞexp are presented
in Tables 1 and 2, respectively. With the use of Table 1,
a straight line of ð1=JwÞexp versus ð1=DPÞexp could be
constructed by the least-square method. Thus, the intrinsic

TABLE 2
Experimental data of average permeate flux for dextran T500 aqueous solution

Qi� 106¼ 1.67m3=s Qi� 106¼ 2.50m3=s Qi� 106¼ 3.33m3=s Qi� 106¼ 4.17m3=s

Ci (wt%)
DP� 10�5

(Pa)
J� 106

(m3=m2 � s)
DP� 10�5

(Pa)
J� 106

(m3=m2 � s)
DP� 10�5

(Pa)
J� 106

(m3=m2 � s)
DP� 10�5

(Pa)
J� 106

(m3=m2 � s)

0.1 0.296 1.2372 0.302 1.3972 0.303 1.5757 0.308 1.7496
0.504 1.8288 0.507 2.0748 0.492 2.3458 0.487 2.5814
0.805 2.4722 0.792 2.8172 0.805 3.1927 0.801 3.4792
1.093 2.9387 1.096 3.3594 1.112 3.8139 1.109 4.1268
1.407 3.2828 1.393 3.7646 1.403 4.2798 1.382 4.6065

0.5 0.293 0.8161 0.295 0.8654 0.283 0.9664 0.296 1.0442
0.492 1.0959 0.493 1.1669 0.489 1.3112 0.496 1.4288
0.814 1.3463 0.805 1.4391 0.793 1.6261 0.806 1.7858
1.082 1.5011 1.103 1.6084 1.105 1.8238 1.093 2.0127
1.393 1.6056 1.409 1.7216 1.386 1.9569 1.409 2.1667

1.0 0.294 0.6733 0.291 0.7195 0.288 0.8024 0.302 0.9046
0.497 0.9027 0.498 0.9542 0.495 1.0726 0.508 1.2354
0.793 1.0903 0.792 1.1591 0.806 1.3126 0.802 1.5436
1.108 1.2104 1.112 1.2834 1.108 1.4602 1.098 1.7279
1.386 1.2868 1.385 1.3654 1.417 1.5578 1.384 1.8624

TABLE 1
Experimental data of permeate flux for pure water with

ui¼ 0.147m=s

DPi� 10�5

(Pa)
DPo� 10�5

(Pa)
DP� 10�5

(Pa)
Jw � 106

(m3=(m2 s))

0.3 0.29953 0.29977 2.358
0.5 0.49953 0.49977 3.472
0.8 0.79953 0.79977 4.684
1.1 1.09953 1.09977 5.913
1.4 1.39953 1.39977 6.517

TABLE 3
Experimental data for Rf and /

Ci

(wt%)
Qi� 106

(m3=s)
(RmþRf)� 10�10

(Pa � s=m)
Rf� 10�10

(Pa � s=m)
/� 10�5

(s=m)

0.1 1.67 1.8154 0.7662 1.738
2.50 1.6219 0.5727 1.489
3.33 1.4449 0.3957 1.296
4.17 1.2773 0.2281 1.251

0.5 1.67 2.1702 1.1210 4.668
2.50 2.0709 1.0217 4.317
3.33 1.8873 0.8381 3.751
4.17 1.7878 0.7386 3.328

1.0 1.67 2.5473 1.4981 5.918
2.50 2.3691 1.3199 5.617
3.33 2.1779 1.1287 4.851
4.17 2.0477 0.9985 3.893
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resistance of the membrane tube employed in this study can
be determined from Table 1 by using the following equa-
tion which can be modified from Eq. (1) by setting Rf¼ 0
and Rp¼ 0 for pure-water ultrafiltration

1

ðJwÞexp
¼ Rm

ðDPÞexp
ð28Þ

In the above equation the average transmembrane pressure
may be estimated by taking the arithmetic mean, according
to the linear function of Eq. (12) as

ðDPÞexp ¼ 1

2
½ðDPiÞexp þ ðDPoÞexp� ð29Þ

in which (DPi)exp and (DPo)exp are the experimental values
of the inlet and the outlet transmembrane pressures. Under

various Qi and ðDPÞexp, the measured value of Rm for the
membrane system employed in the present study was
determined graphically in Fig. 2 as

Rm ¼ 1:0492�1010Pa � s=m ð30Þ

Furthermore, the experimental data obtained in ultrafil-
tration of an aqueous solution may be also applied to
determine Rf by Eq. (1) coupled with the use of Eqs. (3)
(5,6) as

ðJÞexp ¼
ðDPÞexp

Rm þRf þ bðDPÞexp
�

ðDPÞexp
Rm þ Rf þ /ðDPÞexp

TABLE 4
The fitting parameter of experimental data for Ci¼ 0.1wt% and Qi¼ 1.67� 10�6m3=s

z� 102

(m)
b� 10�5

(s=m)

DPi¼ 0.3� 105 Pa DPi¼ 1.4� 105 Pa

DP� 10�5

(Pa)
J� 106

(m=s)
bDP(¼Rp)� 10�10

(Pa s=m)
DP� 10�5

(Pa)
J� 106

(m=s)
bDP(¼Rp)� 10�10

(Pa s=m)

2 1.6736 0.2999 1.2969 0.5019 1.4000 3.3516 2.3430
6 1.6876 0.2996 1.2928 0.5056 1.3997 3.3474 2.3621

10 1.7174 0.2994 1.2841 0.5142 1.3995 3.3395 2.4035
14 1.7635 0.2991 1.2714 0.5275 1.3992 3.3233 2.4675
18 1.8342 0.2989 1.2528 0.5482 1.3990 3.2962 2.5660
22 1.9243 0.2986 1.2289 0.5746 1.3987 3.2693 2.6915
26 2.0032 0.2984 1.2082 0.5978 1.3985 3.2497 2.8015
30 2.0729 0.2981 1.1906 0.6179 1.3982 3.2319 2.8983
34 2.1181 0.2979 1.1801 0.6310 1.3980 3.2155 2.9611
38 2.1749 0.2976 1.1661 0.6473 1.3977 3.2031 3.0399

TABLE 5
The fitting parameter of experimental data for Ci¼ 1.0wt% and Qi¼ 4.17� 10�6m3=s

z� 102

(m)
b� 10�5

(s=m)

DPi¼ 0.3� 105 Pa DPi¼ 1.4� 105 Pa

DP� 10�5

(Pa)
J� 106

(m=s)
bDP(¼Rp)� 10�10

(Pa s=m)
DP� 10�5

(Pa)
J� 106

(m=s)
bDP(¼Rp)� 10�10

(Pa s=m)

2 3.5602 0.2995 0.9681 1.0663 1.3996 1.9691 4.9829
6 3.6647 0.2986 0.9513 1.0943 1.3987 1.9588 5.1258

10 3.7323 0.2977 0.9438 1.1111 1.3978 1.9391 5.2170
14 3.8335 0.2968 0.9311 1.1378 1.3969 1.9175 5.3550
18 3.9788 0.2959 0.9135 1.1773 1.3960 1.8871 5.5544
22 4.1603 0.2950 0.8952 1.2273 1.3951 1.8387 5.8040
26 4.3905 0.2941 0.8683 1.2912 1.3942 1.8008 6.1212
30 4.4770 0.2931 0.8596 1.3122 1.3932 1.7826 6.2374
34 4.5055 0.2922 0.8579 1.3165 1.3923 1.7718 6.2730
38 4.5325 0.2913 0.8571 1.3203 1.3914 1.7583 6.3065
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or

1

ðJÞexp
¼ /þRm þRf

ðDPÞexp
ð31Þ

Therefore, from a straight line plot of ð1=JÞexp versus
ð1=DPÞexp, similar to Fig. 2, with the use of Table 2, the
values of / (the intersection at the ordinate) and (RmþRf)
(the slope), as well as Rf, were determined graphically. The
results are given in Table 3 for various uið¼ Qi=pr2mÞ and
Ci. Finally, the following correlation equations for / and
Rf were constructed as

/ ¼ 1:426� 105 u�0:39
i C0:56

i ð32Þ

Rf ¼ 1:075� 109 u�0:73
i C0:44

i ð33Þ

Determination of bi and a

Again, if the experimental data for the local permeate
flux, J(z), in Tables 4 and 5 and transmembrane pressure,
DP(z), are applied to Eq. (1) coupled with the use of
Eq. (3), Rp¼ b(z)DP(z), then

bðzÞ ¼ 1

½JðzÞ�exp
� Rm þRf

½DPðzÞ�exp
ð34Þ

where, according to the linear decline of transmembrane
pressure shown in Eq. (14)

½DPðzÞ�exp ¼ ðDPiÞexp � ½ðDPiÞexp � ðDPoÞexp�ðz=LÞ ð35Þ

Some values of b(z) obtained from Eq. (34) with known
values of (RmþRf), [J(z)]exp and [DP(z)]exp, are also listed
in Tables 4 and 5. Therefore, from a straight-line plot of
b(n) versus n at a certain flow velocity ui and feed concen-
tration Ci, as shown in Fig. 3, the experimental values of bi
(the intersection at the ordinate) and bia (the slope) were
determined graphically, according to Eq. (4). Finally, the
correlation equations for bi and a were constructed as

bi ¼ 3:54� 105 u�0:021
i C0:373

i ð36Þ

a ¼ 2:43� 10�3 u�1:666
i C0:592

i ð37Þ

RESULTS AND DISCUSSION

Comparison of Correlation Predictions with
Experimental Results

The average values of the permeate flux J may be pre-
dicted from Eqs. (25)–(27) by the trial-and-error method
coupled with the use of the correlation equations, Eqs.
(30), (33), (36), and (37), and the system constants:
L¼ 0.4m, rm¼ 0.03m, and the fluid viscosity (21):

l¼ 0:894�10�3 expð0:408CiÞ ðPa � sÞ ð38Þ

Correlation predictions for J were thus calculated and
some of the results are compared with the experimental
data, as shown in Fig. 4. It is seen in this figure that the
present model does not predict J well for higher transmem-
brane pressure.

The local values of the permeate flux J(n) can be also
predicted if the values of J thus obtained and above same

FIG. 2. A straight line of ð1=JwÞexp vs. ð1=DPÞexp.
FIG. 3. A straight line of b vs. n.
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correlation equations and system constants are substituted
into Eq. (19). Some prediction results are compared
with the experimental results, as shown in Figs. 5 and 6.
The prediction results for local permeate fluxes obtained
from the traditional resistance-in-series model (5,6)
with b(n) replaced by a proportional constant, /, were
calculated by Eq. (1) coupled with the use of Eqs. (30),
(32), and (33), and are also plotted in these figures. It
is seen that the modified resistance-in-series model
with the variable concentration-polarization resistance,

Rp¼ bi(1þ an)DP(n), is more precisely applicable than
the conventional resistance-in-series model (5,6),

JðzÞ ¼ DPðzÞ
Rm þ Rf þ /DPðzÞ ð39Þ

in which the term of concentration-polarization resistance,
Rp¼/DP(n), is nearly unchanged but slightly declined
along the tube, as also shown in Figs. 7 and 8.

FIG. 4. Comparison of experimental results of J with correlation predic-

tions for Ci¼ 1.0wt%.

FIG. 5. Comparison of experimental results of J(z) with correlation

predictions for Ci¼ 0.1wt% and ui¼ 0.059m=s.

FIG. 6. Comparison of experimental results of J(z) with correlation

predictions for Ci¼ 1.0wt% and ui¼ 0.147m=s.

FIG. 7. Variation of concentration polarization along the tube for

Ci¼ 0.1wt% and DPi¼ 80 kPa.
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Concentration Polarization Increment

The decline of the permeate flux along the cross-flow
direction is mainly due to the decrease of transmembrane
pressure DP(n) (driving force) and the increase of concen-
tration polarization Rp(n) (resistance). Figures 7 and 8 show
the variations of Rp(n) along the flow direction, with the tra-
ditional model defined in previous works (5,6), /DP(n), and
with the modified model defined in present study,
bi(1þ an)DP(n). It is obvious that the traditional model
gives the incorrect description of Rp(n), decreasing, instead
of increasing, along the membrane tube. The correct defi-
nition of Rp(n) by Eq. (5) does increase in the cross-flow
direction, and the increment turns to more sensitive as the
solution concentration increases or the fluid velocity
decreases. The variations of concentration polarization
may be also compared directly by the following expressions:

½RpðnÞ=Rpð0Þ�/ ¼ ½DPðnÞ=DPi� ¼ 1� ðmQi � nJÞðn=DPiÞ
ð40Þ

½RpðnÞ=Rpð0Þ�bðnÞ ¼ ½ð1þ anÞDPðnÞ=DPi�
¼ ð1þ anÞ½RpðnÞ=Rpð0Þ�/ ð41Þ

CONCLUSION

The correlation equations, Eqs. (19) and (25), for pre-
dicting the local and average values of the permeate flux,
respectively, in tubular-membrane ultrafilters, were derived
from mass and momentum balances by the modified
resistance-in-series model with the considerations of the
increment of concentration polarization and the declines
of transmembrane pressure and flow rate, along the

membrane tube. The declines of the flow rate, transmem-
brane pressure, and permeate flux along the tube may be
predicted from Eqs. (7), (14), and (19), respectively. For
predicting the increment of concentration polarization,
one may employ Eq. (5) coupled with the use of Eq. (14).
Ultrafiltration of dextran T500 aqueous solution in a tubu-
lar microporous ceramic module has been carried out
under various feed concentrations, transmembrane pres-
sures, and feed flow rates. Correlation predictions are com-
pared with the experimental results, as shown in Figs. 4–6.
It is found that the correlation predictions of the local
permeate flux obtained from the present modified
resistance-in-series model are more accurate than those
obtained from the conventional resistance-in-series model
(5,6), in which the concentration-polarization resistance
was described by an incorrect term, /DP(n), decreasing
slightly along the tube, while in the present study, the
increment of concentration polarization, bi(1þ an)DP(n),
through the tube was taken into consideration, resulting
in the correct decline of the permeate flux, as confirmed
by the experiments. Therefore, the present model easily
described the relationships of the decline of the permeate
flux with operating and design parameters, and we believe
that this model will also be suitable for most membrane
ultrafiltration systems including systems with different
kinds of feed solutions, different materials of membrane
tubes, and various design and operating conditions.
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NOMENCLATURE

A, B, C system constant, defined by Eq. (22), Eq. (23),
Eq. (24) (Pa s=m)

Ci concentration of feed solution (wt% dextran
T500)

J permeate flux of solution (m3=(m2 s))
L effective length of membrane tube (m)
m, n constant, defined by Eq. (16), Eq. (17) (Pa s=m3)
P pressure distribution on the tube side (Pa)
Ps uniform permeate pressure on the shell side (Pa)
DP transmembrane pressure, P�Ps (Pa)
Q volume flow rate in a tubular-membrane module

(m3=s)
rm inside radius of membrane tube (m)
Rf resistance due to solute adsorption and fouling

(Pa s=m)
Rm intrinsic resistance of membrane (Pa s=m)
Rp resistance due to concentration polarization

(Pa s=m)
u fluid velocity in the membrane tube, Q=ðp r2mÞ

(m=s)

FIG. 8. Variation of concentration polarization along the tube for

Ci¼ 1.0wt% and DPi¼ 80 kPa.
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z axial coordinate (m)
zj j¼ 1, 2, . . . , 10, permeate fluxes exit at these ten

points (m)

Greek Letters

a constant, defined in Eq. (4)
b(z) linear function of z, defined in Eq. (4) (s=m)
/ constant defined by Eqs. (3) and (39) (s=m)
l viscosity of solution (Pa s)
n dimensionless axial coordinate, z=L

Subscripts

i at the inlet
o at the outlet
w of pure water

Superscript

� average value
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